Abstract. We review the appearance of the braid group in statistical physics. In particular, we explain its relevance to the anyon model of fractional statistics and conformal field theory.
1. Braid group statistics. We will be interested by generalized forms of statistics in systems of identical particles. In quantum mechanics, the behavior of N identical particles is described by the wave function, a complex function of the particle coordinates x j ( x j ǫR d , j = 1, 2 . . . N ). For identical particles, one might expect that the wave function is invariant under all permutations, P , of the particle names, i.e. transformations of the form x → x P (j) . The real situation is more complicated, because wave functions differing only by a constant phase describe the same physical system. Thus, the wave function can be in a nontrivial one dimensional representation of the permutation group. There are two such representations, the symmetric and anti-symmetric representations. They correspond to multiplication of the wave function by +1 or −1 under a transposition of the coordinates of any two particles:
Ψ( x 1 , . . . , x i , . . . , x j , . . .) = ±Ψ( x 1 , . . . , x j , . . . , x i , . . .). (1) This gives the two well-known "statistics" for identical particles. Symmetric wave functions describe Bose particles, and anti-symmetric wave functions describe Fermi particles. Though all physical theories of N identical particles fall into one of these two classes, we will find it profitable to try to find generalizations.
In the late 1970's, Leinaas and Myrheim described a different way of defining the statistics of the wave function [1] . The basic idea is to replace permutations of the particle coordinates with continuous transformations. First, we will study the situation for the two particle system. It is convenient to introduce the center of mass, Z = x 1 + x 2 , and relative, X = x 1 − x 2 , coordinates. A transposition of the two particles only acts on the relative coordinate, i.e. X → − X. To generalize permutations to continuous transformations, we introduce the vector functions F (t) satisfying F (0) = X and F (1) = − X, t ∈ [0, 1]. In generalized statistics the sign in (1) is replaced by a phase. The phase change of the wave function as X is moved along the path F (t) defines the statistics. Ψ( Z, X) = e iα( F ) Ψ( Z, − X) (2)
The statistics should not depend on the detailed form of the path. Thus, we require that the phase function e iα( F ) only depend on the equivalence class of the path F (t). Finally, the phase change of a function is additive as its coordinate is transported first along one path and then along a second one. A consistent definition of statistics requires that the defining phase in (2) satisfy a similar additivity property on paths that can be decomposed into several paths.
There is a constraint on e iα( F ) coming from the dimension, d, of physical space. To see this, we make the transport along the path defined by:
and F ′ (t) = − F (−1 + 2t) for a total phase change:
Since F ′ (t) is a closed path and the phase is independent of its detailed form, the first homotopy group gives a classification of the possible phases e 2iα( F ) . If this is to result in a generalization of normal statistics, the phase in (3) must not be identically zero. For this to be possible, there must be nontrivial homotopy classes.
The individual particle coordinates x 1 and x 2 are points in R d . But, physical considerations 1 impose a constraint on the total configuration space: x 1 = x 2 . Thus, the relative coordinate X is a point in R d \ { 0}. On R d \ { 0} , the first homotopy group is trivial for d = 3, 4, . . .. This implies that e 2iα( F ) = 1. Thus, for all open paths e iα( F ) = ±1, and the only possibilities are Bose or Fermi statistics. The case of d = 2 is special. The first homotopy group on R 2 \ { 0} is Z. Thus, there is no constraint on the statistics parameter e 2iα( F ) . We have found that generalized statistics are only possible in two dimensions.
In two dimensions, the N -particle configuration space becomes Q = (R 2 ) N \D. Again, D is the subspace of (R 2 ) N where x j = x j for any two particles i and j. It must be removed for the same physical reasons invoked above. The transformation of the Nparticle wave function can be defined by introducing a set of N nonintersecting paths on R 2 N , i.e. F j (t) with j = 1, 2, . . . N . The F j (t) form a N -braid if F j (0) = x j and
. The statistics is defined by the transport of the wave function's coordinates along the braid.
Again, the phase change of the wave function only depends on the particular braid along which the coordinates are transported. Furthermore, a consistent definition of statistics in (4), requires that the phase e iα( F ) be additive on braids that can be decomposed into successively traversed braids. Different choices for the phase function will lead to different generalized statistics.
Since the phase function e iα( F ) is additive on braids that are successively traversed, the wave function is in a one dimensional representation of the braid group. This leads to constraints on the phases. All elements of the braid group can be made from fundamental interchanges, σ j , i.e. the twists:
They satisfy the following relations [2] :
These equations constrain the phases defining the one dimensional representation to satisfy e iα(σi) = e iα(σj ) for all i and j. The single remaining value of e iα(σ) will define the generalized statistics of the particles.
We close this section with one remark. Since generalized statistics only occurs in 2 dimensions, we can use complex coordinates to designate the position of the particles. In those coordinates, generalized statistics will require that wave functions have cuts at the position of each particle.
2. Anyon model of fractional statistics. The anyon model is a quantum mechanical theory of identical particles which realizes braid group statistics. The quantum properties of any system of N particles come from solutions of an eigenvalue equation,
. These equations determine both the stationary state wave functions Ψ [a] ( x 1 , . . . , x N ) and the energies E [a] . For a nonrelativistic free particle system the operator H has the form H =
2 , M is the particle mass. The eigefunctions are well-known for the free Bose and Fermi cases. They are the plane wave states 2 . Anyons are nonrelativistic Bose particles having a self-interaction. The interaction between the anyon at x j and the other N − 1 anyons can be written through a gauge field A( x j ) and an anyon charge α. Thus, for N anyons, the operator H is:
The field A( x j ) is a normal electromagnetic potential, but its form is very special.
Here the unit vector n is perpendicular to the plane on which the particles move. We have written the form of A( x j ) for anyons moving on R 2 . Its form will be somewhat different if one introduces periodic boundary conditions to discretize the spectrum of H, i.e. see footnote 2.
The field potential will tell us something about the character of anyons. One sees this by calculating the local magnetic field, B, felt by the particle at x j . Using the definition of the magnetic field, B( x) = ∇× A( x) , one finds that 3 :
Thus, the magnetic field is a sum of point sources localized at the position x i of each anyon. The anyon gas is a collection of point magnetic fluxes of intensity 2π that interact due to the fact that they also carry a charge α, see fig. 1 .
The anyons that we have described are normal Bose particles, and their wave function is symmetric under the exchange of any two. As such, anyons are interacting. It is also 2 To solve these equations one introduces boundary conditions that make the operator H hermitian. One choice is periodic conditions:
P , and Fermi, (−1) P , solutions are: possible to express the anyon model in an equivalent form which involves "free" particles with braid statistics. The "free" form occurs, because the vector potential of (7) is the gradient of a function. We will show this in the two particle case. In the coordinates (x, y) = (x 1 − x 2 , y 1 − y 2 ), the vector potential is (A x , A y ) = (−y/r 2 , x/r 2 ). In radial coordinates, (x, y) = (r cos Θ, r sin Θ) , this can be rewritten as (A x , A y ) = (∂ x Θ, ∂ y Θ). Θ is the angle that the vector (x, y) makes with the x-axis. Thus, A is the gradient of a function, but this function, Θ , is multi-valued on the plane. Usually, A's that are gradients can be totally removed by a gauge transformation. Here, the gauge transformation will be multi-valued like Θ; it will change the statistics. Gauge transformations are unitary transformations that act on both A and the wave function. They leave the energy eigenvalues, E [a] , invariant. It is easily seen that the eigenvalue equation,
is invariant under any local transformation of the form:
Since A(x, y) = ∂Θ(x, y), the choice Λ (x, y) = αΘ (x, y) is very interesting in the two particle case. From (9) , we see that this gauge transformation will make A vanish. For this choice, the primed form of the anyon model is a "free" theory, i.e.
. Now, we will see that the price for rewriting the anyon model as a free theory is braid statistics. To find the statistics of the new wave function, we recall that the original wave function was bosonic: Ψ( x 1 , x 2 ) = +Ψ( x 2 , x 1 ). The transformation from Ψ to Ψ ′ involved a multi-valued phase factor e iΛ(x,y) = e iαΘ(x,y) . Thus, the primed wave function transforms differently than the unprimed one (Bose) under the exchange of the two particles. It satisfies:
In this equation, the angle Θ( F (1)) − Θ( F (0)) is a function of the 2-braid, F (t), that defines the exchange of x 1 and x 2 . The last equality in (10) is correct for the σ-twists of (5). The ± sign ambiguity is determined by whether x 1 is braided around x 2 in a clockwise or anti-clockwise sense. The primed "free" wave functions form a one dimensional representation of braid group except when α = 0 (Bose statistics) or α = 1 (Fermi statistics). Varying α from 0 to 1 smoothly changes the model from free Bose particles to free Fermi particles.
In the primed theory, the energies 2M E [a] are given by the eigenvalues of the free 4D Laplacian, − ∂ 
The boundary conditions fix pR to be the zeros of the Bessel function: J n+α (pR) = 0. The doublets [n, p], with n integer, are the quantum numbers that label the states and their energies. The dependence of the solutions on the center of mass Z = x 1 + x 2 is trivial and has not been indicated. These explicit solutions for the "free" version of the anyon theory's wave functions transform, as shown in (10), under the braid group.
The N -anyon energy eigenstates can also be obtained by solving the eigenvalue problem of a free Laplacian. The eigenfunctions form a one dimensional representation of the N -braid group. To see this, we notice that the vector potential of N -anyons can also be written as a pure gradient, i.e. A( x j ) = ∂ j ( k<q Θ kq ) with k, q = 1, . . . , N . Θ kq is the angle that the vector x k − x q makes with the x-axis. This "pure gauge" form is easily verified from the 2-particle case. It tells us that there also exists a gauge transformation (9) , in the N -particle case, that transforms the Hamiltonian to a free form, i.e.
The gauge transformation to the "free" primed theory has the parameter Λ( x 1 , . . . , x N ) = α k<q Θ kq ( x k − x q ). One can easily see that the primed eigenfunctions, Ψ ′ ( x 1 , . . . , x N ), form 1D representations of the N -braid group (5) with statistics e iα(σ) = e iαπ . Clearly, this "free" theory smoothly interpolates between the free Bose model at α = 0 and the free Fermi model at α = 1 exactly as in the 2-anyon case.
The energy eigenvalues for 3 and 4 anyons have been studied, but the results are very incomplete [5] . The connection with free Laplace eigenfunctions having braid group statistics has only been exploited in the 2-anyon case. A knowledge of the eigenvalues of the N -particle case would allow a calculation of the thermodynamic properties of the anyon gas at high densities. Like the perfect Bose and Fermi gas, the anyon gas is "perfect" or "free." It is a perfect gas with arbitrary statistics. The quantum mechanics of all three gases require finding the eigenvalues of the 2N -dimensional Laplacian. The Bose and Fermi cases were, however, simpler as the wave functions are representations of the permutation group -the so-called plane wave solutions (footnote 2). The anyon gas must have an energy spectrum which is quite different from either of these two limiting cases. Widely believed approximate results say that at high density and for α = 1/s, with s ∈ Z, gaps appear in the energy spectrum [6] . This does not happen in either the Bose or Fermi gases. An understanding of plane wave solutions that obey braid group statistics would have to explain these results.
3. Correlation functions in conformal field theory and braids. We introduce conformal theories by way of an example which is one of the successes of statistical physics, the Ising model. It is the simplest of a family of models with short range interactions. It has only one dynamical field, the spin S j , defined at each site j of a regular lattice Γ. The spin takes two values ±1. The interaction between spins is determined by the form of the energy E = −J <i,j> S i S j . The interaction has strength J and is only nonzero between spins at nearest neighbor sites < i, j >. Even in this simple model, the number of microscopic states is enormous, equal to 2 N where N is the number of lattice sites. In statistical physics the major goal is to find a simple macroscopic description from this microscopic complexity.
The macroscopic comportment of the Ising model is typical of many systems. It has two phases -a high temperature phase where the macroscopic average spin vanishes:
j∈Γ << S j >>= 0, the disordered phase 4 , and a low temperature phase with a nonzero macroscopic spin j∈Γ << S j >> = 0, the ordered phase. The transition from zero to nonzero average spin occurs at a precise temperature T c . Near the transition point, the model is characterized by two macroscopic dimensionful quantities -j∈Γ << S j >> and (T − T c ). Nevertheless, exactly at T c exactly j∈Γ << S j >>= 0 in the Ising model. Thus, there are no "dimensionful" macroscopic quantities that characterize the model at T c . Transitions involving no dimensionful parameters are called second order phase transitions. For this type of transition, physical properties show distinctly different behavior at T c , the critical point, and away from T c . As an example, one can look at correlation functions for two spins. Away from T c , they depend on a length scale ξ(T −T c ), falling off exponentially with the distance between the spins, i.e. << S 0 S r >>≃ e −r/ξ . At T c , there is no dimensionful scale, i.e. at T c ξ(0) → ∞, and the correlation exhibits power law behavior, i.e. << S 0 S r >>≃ r −4∆S . There is direct experimental evidence of this fundamental distinction. At critical point, the no-scale correlation function indicates the presence of fluctuations at all length scales, this greatly enhances light scattering. This effect has been observed, and it is called critical opalescence.
The scale invariance of critical points led to several profound ideas on the relationship between the macroscopic descriptions and the microscopic statistical models -universality, renormalization group and conformal field theory. Universality says that many details of the microscopic model are washed out at T c . Many different microscopic models are described by the same "effective" critical theory. This is the reason that a simple theory like the Ising model can describe real physical systems. The renormalization group was one of the most important tools in the calculation of macroscopic quantities from the underlying models. Its most important predictions were exponents like ∆ S defining the 2-spin correlation function. Conformal field theories exploit the group theory of local scale transformations to obtain the "effective" macroscopic theory. For 2D systems, they have given an explicit implementation of universality -an almost "complete" classification of macroscopic critical theories. This led to two types of predictions -the values of exponents like ∆ S and the form of correlation functions involving more than two fields.
In 1970, Polyakov postulated that the scale invariance of a critical point implied that the macroscopic theory had conformal symmetry [7] . The finite conformal group contains rotation, scale, translation, and special conformal transformations. The infinitesimal transformations with parameters M ij = −M ji , Λ, a and b have the form:
Polyakov showed that all correlation functions of local fields were strongly constrained by conformal invariance. Using this symmetry, he was able to find the form of the two and three point correlations up to some exponents and constants, C ijk , the structure constants 5 .
The fields φ j ( x) are the primary fields of the model. In the Ising model, they are S j and the local energy density E j = −J k= j+ n S k S j . 6 The constants C ijk and exponents are universal objects defined uniquely by the critical theory. This has been shown constructively in 2 dimensions, but it took 14 years to formulate the proof.
The proof is based on an extension of conformal symmetry to an infinite group [8] . This extended symmetry is the foundation of modern conformal field theory. Further developments based on the infinite conformal symmetry group led to the calculation of the exponents [9] and structure constants [8] [10] of many models (ex. C SSE = 1/2, ∆ E = 1/2, ∆ S = 1/16 in the Ising model). These predictions have been tested in numerical simulations [11] .
In 2 dimensions, one can show that the invariance of a field theory under the finite group guarantees invariance under a much larger symmetry group [8] . The full symmetry group is easier to write if we use complex coordinates (z, z) to describe the position of local fields like the spin, S(z, z) , and the energy density, E(z, z). The infinitesimal transformations of the full symmetry group are all analytic or anti-analytic transformations on (z, z).
Here, a n and a n are the independent parameters of the transformation and are defined 7 for negative and positive integers n. On functions of (z, z), these transforma-
Under the transformation of (12), the critical ground state |0 > is invariant, but fields transform:
. The Nj 's are dropped from here on. They are only relevant to experimental measurements. 6 n are the primitive lattice vectors generating Γ. 7 For physical reasons, conformal field theories are actually defined on the plane without origin. Thus, the transformations can be singular at z = 0.
tions are generated by L n = −z n+1 ∂ z and L n = −z n+1 ∂ z . Their commutators satisfy the Virasoro algebra, actually two copies one from the L n 's and one from the L n 's.
On normal functions, this algebra does not contain the second term on the right hand side, i.e. c = 0. In conformal field theory, one constructs a representation of this algebra on physical fields , φ ∆,∆ (z, z) and a nonzero central charge c appears.
The dynamics of a conformal field theory are defined by the transformation properties of its physical primary fields under the L n and L n Virasoro algebras. The primary fields transform under (15) as φ
. Thus, their commutators with the L n are:
Similar relations hold for L n commutators. The central charge and the numbers (∆, ∆), which define the representations by the primary fields φ ∆,∆ (z, z), characterize the conformal field theory. The primary fields form highest weight representations of these algebras. 
Physical considerations and unitarity, constrain the central charge and the dimensions (∆, ∆) to special rational values 9 [8] [9] . The limitation on allowed dimensions leads to a fundamentally important result. The space of states over each primary field contains nontrivial null vectors [12] . The simplest example is the state: [12] .
The null vectors lead to differential equations that are crucial to the construction of the correlation functions. The derivation of these equations requires a detailed knowledge of field theory. A simple understanding of their origin can be obtained if one recalls that any coordinate transformation on fields can be generated through the action of the energymomentum tensor (Noether's Theorem). This includes the conformal transformations of (15). Thus, the energy-momentum tensor must be related to the L n 's and the L n 's that generate the two Virasoro algebras. If the theory is conformally invariant, one can show that these operators are the Laurent expansion coefficients of the energy-momentum tensor. One can use this identification and the explicit form of conformal transformations on primary fields (see below (16)) to rewrite the action of the L −n and L −n 's with differential operators [8] . This involves a long calculation using operator product results (17)-(18). One finally obtains the following equation for a correlation function with P primary fields φ ∆j,∆j (z j , z j ) , j = 1, . . . , P and L −n φ ∆,∆ (z, z):
If we substitute these differential operator forms in null vector equations, like (20), we obtain homogeneous equations. The resulting equations are extremely powerful. Since the correlation functions solve these equations, they must be linear combinations of the general solutions. The independent solutions that are analytic in the z j are called conformal blocks. For the rational models there are only a finite number, and they transform under the braid group. The form of the conformal blocks are known for all rational conformal theories [10] .
The Ising model affords us with a simple example. It has central charge c = 1/2. The local energy density, E(z, z), has conformal dimensions (∆, ∆) = (1/2, 1/2). Thus, correlations involving this field satisfy the equation:
We write the two independent analytic conformal blocks for correlations involving four E(z j , z j ).
[
The functions F (a, b, c, x) are hyper-geometric functions and x ≡ (z1−z2)(z3−z4) (z1−z3)(z2−z4) . They are analytic functions with cuts for x ∼ 0. Using integral representations for F (a, b, c, x) , one can show that they transform nontrivially under the σ-braids of (5). For example, F (−2, −1/3, −2/3; x) = 1 − x + x 2 . Thus, the braid transformation that exchanges z 3 with z 2 , e.g. x −→ x −1 , simply multiplies the second block by (−1). and z 4 = ∞. Then, the blocks only depend on the z j through x. The correlation function at arbitrary values of z 1 , . . . , z 4 can be related to correlations at these special values through the invariances of the finite conformal group of (12), i.e. L k |0 >= L k |0 >= 0 for k = −1, 0, 1. Applying (27) and (13) to the 4-point correlations, we find that:
Here, the F nk lm 's are the conformal blocks. In the first equality, we applied the operator product expansion (28) to the products (φ n φ k ) and (φ l φ m ) and then calculated the remaining 2-point correlation with (13) . In the second equality, we applied (28) to the products (φ k φ l ) and (φ n φ m ) and then used (13) . The equality (29) is known as the duality relation [8] . It is extremely powerful. It provides an inhomogeneous algebraic equation for the structure constants C ijk that has enabled their explicit calculation [10] . Now, we can show that this equation is also related to braiding. Since the blocks F nk lm (p|x) are independent for different values of p, the duality relationship leads to a separate equation for each value of p. The conformal blocks as a function of x can be rewritten in terms of the complete set of blocks as a function of 1 − x. This generates matrix equations that also have a graphical interpretation, fig. 2 . The braiding matrices B p, q, nk lm have interesting properties. For example, (32) implies that they must satisfy nontrivial commutation relations with the structure constants, see (29). Finally, through the series of braid transformations shown in fig. 4 , one can show that the duality matrix T p, q, Here, we have also used the braid transformations of the 3-point vertex (26). Thus, the braid and duality properties of the conformal blocks are intimately related [8, 13, 14] . As we have already stated, the duality properties have been the basis of extensive calculations of the structure constants [10, 8] The relation between the braiding and duality matrices says that solving the duality equation is equivalent to requiring that correlation functions be braid invariants.
The braid transformations of the conformal blocks were extensively developed in [13] . It may not surprise the present audience that those authors have shown deep relationships with quantum groups. Other authors have furthered the ideas of [13] and have used the conformal blocks of rational conformal models to construct knot invariants [14] . That application is well beyond the scope of this review and the present authors' activities. Nevertheless, the reviews on those applications [14] should be accessible to a reader who has followed this presentation to the end.
